In this note, we prove that for any integer n ≥ 3 the b-chromatic number of the Kneser graph KG(m, n) is greater than or equal to 2
Introduction
The b-chromatic number of a graph G, denoted by χ b (G), is the largest positive integer t such that there exists a proper coloring for G with t colors in which every color class contains at least one vertex adjacent to some vertex in all the other color classes. Such a coloring is called a b-coloring. Consider a b-coloring for G. If v ∈ V (G) has a neighbor in any other color class, v is called a color-dominating vertex (or simply dominating vertex). This concept was introduced in 1999 by Irving and Manlove [5] who proved that determining χ b (G) is N P -hard in general and polynomial for trees. The b-chromatic number of graphs has received attention recently, see [1] [2] [3] [4] [5] [6] [7] [9] [10] [11] .
Hereafter, the symbol [m] stands for the set {0, 1, . . . , m − 1}. For a subset X ⊆ [m] denote by X n the collection of all n-subsets of X. Also, the symmetric difference of the sets A and B is commonly denoted by A∆B. Assume that m ≥ 2n. The Kneser graph KG(m, n) is the graph with vertex set [m] n , in which A is connected to B if and only if A ∩ B = ∅. It was conjectured by Kneser [8] in 1955, and proved by Lovász [12] 
The b-chromatic number of Kneser graphs has been investigated in [6] .
Conjecture A.
[6] For every positive integer n, we have χ b (KG(m, n)) = Θ(m n ).
In this regard, it was proved in [6] 
Theorem A.
[6] Let m be a positive integer and m = 8. Then
In the next section, we present a lower bound for the b-chromatic number of Kneser graphs. Next, we show that for any positive integer n, χ b (KG(m, n)) = Θ(m n ).
Kneser Graphs
In what follows we are concerned with some results concerning the b-chromatic number of Kneser graphs. Lemma 1. Let s be a positive integer. If r ≥ 2s + 1, then there exists a function g :
2s which satisfies the following conditions.
Proof. For any A ∈ Here we present a lower bound for the b-chromatic number of the Kneser graph KG(m, n) provided that n ≥ 3. Case I) m is even and n is odd (m = 2r and n = 2s + 1).
In this case we have X = {0, 1, . . . , r − 1} and Y = {r, r + 1, . . . , 2r − 1}.
For any vertex
. It is straightforward to check that h is a proper coloring. Clearly, we use 2 Case II) m and n are even (m = 2r and n = 2s).
is a function which satisfies Lemma 1.
. As in case I, it is straightforward to check that h is a b-coloring with 2
Case III) m is odd (m = 2r + 1).
n be a b-coloring for the Kneser graph KG(m− 1, n) obtained in the aforementioned cases. Now, we extend h to a b-coloring h ′ :
It is readily seen that h ′ is a proper coloring for the Kneser graph KG(m, n). Also, it is straightforward to check that any vertex A ∈ V (KG(m, n)), where A ⊆ X or A ⊆ Y , is a dominating vertex. Moreover, one can check that the vertex {m − n, m − n + 1, . . . , m − 1} is a dominating vertex for the new color class. Hence, h ′ is a b-coloring.
It is a simple matter to check that for any graph G, χ b (G) ≤ ∆(G) + 1. Hence, χ b (KG(m, n)) = O(m n ). In view of Theorems A and 1 we have the following corollary. Corollary 1. For any positive integer n, we have χ b (KG(m, n)) = Θ(m n ).
